We analyse the pp elastic scattering amplitudes using the recent LHC data, revisiting the model proposed by A. Martin based on analytic continuation and crossing symmetry. Introducing a new form for the scaling function we show that the data are consistent with the crossing symmetry of the scattering amplitudes at √ s = 7 and 8 TeV. The complex amplitude automatically obeys the constraints of dispersion relations and their derivatives. The real part reproduces the zero predicted by A. Martin, which is crucial to describe with precision the differential cross section in the forward direction at LHC energies. Since the free parameters of the model are energy independent, the analytical form of the amplitude leads to predictions for higher and asymptotic energies.
Theoretical and phenomenological approaches for the description of pp and pp elastic scattering aim to determine the dynamics and kinematical dependence of the amplitudes, described in terms of the two variables s and t. In Regge theory the rise of the hadronic total cross section is due to the Pomeron trajectory linear in t, with power dependence on s. However for high energies the growth of the total cross section guided by the Froissart bound [1] and by the behaviour of the observed data can be parametrized as a quadratic form in log(s) such as σ ∼ log 2 (s). The form of the differential cross section depends on specific assumptions for the real and imaginary amplitudes, controled by dispersion relations (DR).
In another treatment for the very forward region the scattering amplitude T N (s, t) is suggested to follow a scaling dependence [2] , with T N (s, t)/T N (s, 0) = f (τ ) where τ is a combination of s and t variables. Using the log 2 (s) dependence combined with the scaling function f (τ ) the scattering amplitude is then written with the form,
with f (τ ) normalized such that f (0) = 1. The bounds and constraints of f (τ ) were formally studied long ago [2] in the context of axiomatic field theory, giving f (τ ) ≤ κ exp( |τ |), where κ is constant and the scaling variable is τ = t log 2 s. The cross section corresponding to Eq.(1) is not invariant under the transformation, s → −s (crossing symmetry). According to A. Martin [3] , in order to define a complex crossing symmetric function, Eq.(1) can be modified to
and the scaling variable is τ ′ = t(log(s) − iπ/2) 2 . However it is not obvious that at LHC energies these amplitudes with crossing are well satisfied. To test, we propose a generalization of Eq.(2) writing,
where β is a free parameter and the complex scaling variable is now
and we assume the scaling function
where α is a real positive quantity responsible for the shrinkage of the differential cross section, and f (τ ′ ) is a holomorphic function.
Since we study the very forward region where −t goes from 0 to −t ∼ 2/(α log 2 s), Eq.(5) can be approximated as
Using Eq. (6) in Eq. (3), the real and imaginary parts are respectively
and
The term linear on t in the real part accounts for a zero in the forward range, which corresponds to Martin's zero [4] , while in the imaginary amplitude a zero is located in a non physical region, since αβ 2 is positive. We can neglect β 2 terms in the polynomials on t if we assume log 2 (s) >> β 2 , and Eqs. (7) and (8) are simplified to
The forward amplitudes are written in terms of the quantities C, α and β. The total cross section is given by the optical theorem
the ratio of the amplitudes at −t = 0 is
and the derivatives of the logarithm of the real and imaginary amplitudes at |t| = 0 are respectively
where B eff R and B eff I are refereed to as the effective slopes of the real and imaginary amplitudes. These derivatives determine the average slope of the differential cross section at |t| = 0, which in terms of Eqs. (12), (13) and (14) is given by
. (15) Assuming the pp and pp total cross section as equal, the application of DR is automatically satisfied, and since σ = C log 2 (s), ρ is given by ρ = π/ log(s) [5] , which compared with Eq.(12) automatically imposes β = π/2.
Since the derivative of the imaginary part is known by Eq. (14), the application of DR for the derivatives of the amplitudes [6] can be performed, while the crossing symmetry implies that only the derivative of the even combination is non zero. We obtain
The principal value integrals can be calculated exactly [7] and the result for Eq.(16) divided by T R (s, 0) is
that compared with Eq.(13) confirms β = π/2. Before we move to the phenomenology of the amplitudes we comment on the differences between the complete form Eq.(5) and the approximated form Eq. (6). The former has trigonometric functions with more involved intrinsic s and t dependences which is not realistic for the analysed t-range, while the latter, expanded to first order, is much simpler. As we show below the data seems to accept the approximate form.
To obtain the quantities C, α and β for Eqs. (9) and (10) we fit the experimental data at √ s = 8 and 7 TeV from Atlas [8, 9] and Totem [10, 11] Collaborations (four datasets) using and 57 TeV. The quantities β = π/2, α = 0.0316 GeV −2 and C = 0.3072 mb are fixed.
where the amplitude T (s, t) contains nuclear and Coulomb interactions.
The datasets have been analysed in limited t-range (0 < |t| < 0.2) GeV 2 chosen differently for each of them in order to account for the stability of β, which in our analysis is manifestly positive. The positiveness of the real amplitude for |t| near zero was recently proved by A. Martin and T. T. Wu [12] , and this confirms our results for β.
We obtain that the four datasets analysed are well represented by Eqs. (9) and (10) with small χ 2 /ndf . The fits show that β is compatible with π/2 for all datasets. This parameter is related with the phase of the complex nuclear amplitude. Thus, if we consider β = π/2 as an input in Eq.(3) the scattering amplitude becomes crossing symmetric under s → u for fixed −t.
We obtain a common value α ≃ 0.031 GeV −2 for the four datasets. This parameter seems to be constant under energy variation, supporting the idea of the scaling function f (τ ′ ). On the other hand the normalization parameter C presents small deviations (up to 5%) among different experimental sets. However, for each experimental group for different energies, the deviations in C are smaller.
Thus C may be considered a constant quantity and in order to predict values for higher energies we take an average of the values of the four datasets, obtaining C = 0.3072 mb and α = 0.0316 GeV −2 . In Table I we show the predicted values for √ s = 13, 14 and 57 TeV. An important feature of the model is Martin's zero in the real part [4] , given by Eq.(9), with
In Fig.1 we show the ratio T 2 R /T 2 I for √ s = 8 and 13 TeV. We observe that the concave structure is created by the zero of the real part and the magnitude of the real slope. Our treatment is limited to the very forward region, and since for larger values of −t other corrective terms in the amplitudes may play important roles, the position of the zero could be slightly changed.
The simplicity of the amplitude makes it applicable to Glauber formalism for p-air collisions in cosmic ray experiments. The asymptotic behaviour of the parameters is crucial to understand whether the proton eventually behaves as a black or a gray disk. For asymptotic energies we obtain the ratio
which is equivalent to σ el /σ ≃ 1/4 . Thus in the present model the proton behaves as a grey disk, and the inelastic processes correspond to 3/4 of the total. Also, the ratio B eff R /B eff I → 2 predicts stronger slope for the real part. A systematic analysis of the asymptotic regime [13] indicates a favorite scenario compatible with a gray disk with the ratio σ el /σ = 0.30 ± 0.12.
The difficulties in the determination of the parameter ρ from the data are well known for various phenomenological models. A proper determination depends on the analytical form used to parametrize the nuclear interaction and on the interference with the Coulomb interaction. The quality of the experimental data in the interference region is crucial for this purpose. In the present model there is analytical connection between the real and imaginary parts, with control of the fit instabilities, fixing ρ = π/ log(s) from dispersion relations. Of course a precise determination of ρ depends on additional terms of a more complete amplitude and on data with good quality in the relevant range.
In a recent study of the LHC data on pp elastic scattering with independent real and imaginary amplitudes [14] , specific features of the real part, such as the position of the zero and the magnitude and sign of the amplitudes were investigated, and the parameters were determined with high precision. In the present work we discuss properties of analyticity and crossing symmetry of the amplitudes in the forward regime. We assume that CM energies 7 and 8 TeV energies are high enough to investigate the scaling property of the amplitudes and introduce a specific model through Eqs. (3), (4) and (6) . We obtain the zero of the real part that influences the form of dσ/dt. The parameters of f (τ ′ ) lead to predictions for higher energies. Dispersion relations for amplitudes and for derivatives are automatically satisfied. We give predictions for √ s = 13 and 14 TeV and also for the cosmic ray energy domain (57 TeV). We also estimate the asymptotic behaviour of the ratio σ el /σ. Precise measurements expected for high energies √ s = 13 and 14 TeV at LHC will allow to test the scaling property of scattering amplitudes.
